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A ® nite element, segregated method is presented for two-dimensional hypersonic, thermochemical nonequilib-

rium ¯ ows, with emphasis on ef® ciently resolving shock waves by mesh adaptation. The governing equations are
decoupled into three systems of partial differential equations (PDE), gasdynamic, chemical, and vibrational sys-

tems, and then solved in a sequential manner. This approach has the advantageof reducing reacting ¯ ow problems
to a manageable computational level and offers the possibility of applying the most appropriate scheme for each

system to achieve the best global convergence. Each system of PDE is integrated by an implicit time marching
technique, with a Galerkin± ® nite element method used in space. The ¯ ow solver is coupled to an adaptive proce-

dure based on an a posteriori error estimate and a mesh movement strategy with no orthogonality constraints.
The overall methodology is validated on nitrogen and air hypersonic ¯ ows and experimental results are correctly

reproduced using relatively coarse, but adapted meshes.

Introduction

I NTEREST in the area of hypersonic vehicles has increased the
needfor advancedcomputational¯ uiddynamicscodesto servein

the numerical prediction of thermochemical nonequilibrium¯ ows.
The ¯ ow® eldsof suchproblemsare chemicallyreacting,and molec-
ular speciesare vibrationallyexcitedso numericalanalysesbasedon
an idealgas assumptionare inappropriate.At theotherextreme,sim-
ulations including ionization and thermochemical nonequilibrium
phenomena remain an onerous task even on today’s supercomput-
ers. Therefore, a cost-effective solution of the problem requires the
proper modeling of the phenomena involved,along with an ef® cient
solver.

An accurate prediction of such ¯ ows includes the resolution of
very strong detachedshocks, followed by extremely fast vibrational
relaxationphenomenonand intense chemical reactions.The regions
containing those important phenomena are characterized by steep
directional gradients of ¯ ow variables; their limits are unknown a
priori and are embedded in regions where the ¯ ow variables vary
more smoothly. Hence, an accurate numerical simulation of such
¯ ows would require a ® ne grid, compounding the dif® culty of the
problem.

An ef® cient alternative consists of seeking numerical solutions
on anisotropic adapted grids.1, 2 In the past, the use of this idea has
been restricted to unstructured grids such as triangular elements.
However, as shown by the present authors,3 a large degree of grid
anisotropy can also be introduced in structured grids through an
improved mesh movement scheme. This approach, based on a ju-
diciously selected a posteriori error estimate can greatly improve
the quality of the solutions by relocating the nodes of an initial grid
along directions with rapidly changing ¯ ow variables.

As to time discretization, most of steady-state solutions of hy-
personic ¯ ows are computed by marching the unsteady governing
equations in pseudotime using explicit or implicit integration tech-
niques. The explicit approach4±6 was very popular in the mid 1980s
due to its moderate demand on computer resources. For fast reac-
tion problems, however, the stiffness of the source terms may limit
the permissible time step to very small values, resulting in large
computational times.
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Bussing and Murman7 have improved this numerical stability
limitation by treating the chemical source terms in an implicit man-
ner and the convective terms in an explicit manner. It has been
shown that this has the effect of rescaling the governing equations
in time such that all gasdynamic and chemical phenomena evolve
at comparablepseudotimescales. This formulation leads to a point-
implicit scheme where block matrices must be inverted at each
point.

Among modern alternatives, the implicit methods have achieved
signi® cant success due to their robustness.8±10 In this type of
scheme, the gasdynamic, species transport, and vibrational energy
equations are assembledover the domain or part of it and solved si-
multaneouslyin a coupled fashion.However, for typical hypersonic
reacting problems, such a formulation results in a large system of
equations that is quite demanding in terms of memory.

In the present study, this drawback is eliminated by segregat-
ing the governing equations into three systems of partial differen-
tial equations (PDE), gasdynamic, chemical, and vibrational sys-
tems, and solved in a sequential but implicit manner. This formu-
lation, also labeled as loosely coupled approach, enjoys the robust-
ness of an implicit formulation, while keeping memory require-
ments to a manageable level. It also allows each system of PDE to
be integrated by the most appropriate algorithm, in an attempt to
achieve the best global convergence. This particular feature makes
the present approach quite attractive for applications having stiff
source terms, as well as easy to retro® t into existing gasdynamic
codes.

In summary, the current paper proposes an implicit, Galerkin±
® nite element, segregated method for hypersonic, thermochemical
nonequilibrium ¯ ows, with an emphasis on resolving directional
¯ owfeatures,such as shocks,by an anisotropicmesh adaptationpro-
cedure.The number of chemical equationscould be very high but is
drastically reduced by neglecting ionization phenomena, thus leav-
ing one to model a dissociated air by only the ® ve neutral species:
O, N, NO, O2 , and N2.

Governing Equations
The conservation form of the mass, momentum, total internal

energy, species mass fraction, and vibrational energy equations de-
scribing a thermochemical nonequilibrium¯ ow may be written as

Q, t + Fi, i = S (1)

where Q is the vector of the conservativevariables, Fi is the vector
of convective¯ uxes, and S is the vectorof sources.For a gas mixture
with the ® ve species O, N, NO, O2 , and N2 that will be identi® ed
by the subscripts 1±5, the components of vectors Q, Fi , and S, in
two-dimensionalproblems are
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(2)

where q is the mixture density, vi the velocity components, p the
pressure of the mixture, cs the mass fraction of the species s, e
the speci® c total internal energy, and evs the vibrational energy of
themolecularspeciess. Here, Sc

s denotestherateof productionof the
chemical species s and qT ¡ vs and qv ¡ vs are, respectively, the rates
of translation±vibration and vibration±vibration energy exchange.
In addition, the global mass conservation condition dictates that

Ns

Ss = 1

cs = 1 (3)

where Ns represents the total number of chemical species, i.e., ® ve.
The number of species transport equations may be further re-

duced, in the case of inviscid ¯ ows, by replacing any one of them
by the algebraic equation for conservation of elemental nitrogen to
oxygen ratio in air. Assuming the molar concentration of oxygen
and nitrogen in air to be 21 and 79%, respectively, the elemental
conservation condition reads

c1/M1 + c3/M3 + 2c4/M4

c2/M2 + c3/M3 + 2c5/M5
=

21

79
(4)

where Ms is the molecular weight of species s.

Vibrational Model
We assume that translationaland rotational modes are in equilib-

rium and, hence, can be characterized by a single temperature T .
Furthermore, the two-temperature model is adopted, meaning that
all molecular species are characterizedby the same vibrational tem-
peratureTv . This model requires the solutionof a singleconservation
equation for the total vibrational energy de® ned by

ev =
Ns

Ss = 3

cs evs =
Ns

Ss = 3

csRs h vs

exp(h v s/ Tv ) ¡ 1
(5)

where h vs refer to the vibrational characteristic temperatures and
are provided in Table 1. The set of vibrational energy equations
of the system (1), thus, are replaced by a single vibrational energy
equation, resulting from their summation.

The translation±vibration energy exchange rate is principally
modeled by the Landau±Teller equation,11 which is extended to
gas mixtures as

qT ¡ vs = q cs

e ¤
vs(T ) ¡ ev s(Tv )

á s L ¡ T
s ñ

(6)

Table 1 Characteristic vibrational temperatures and heats
of formation

Species O N NO O2 N2

h vs ÐÐ ÐÐ 2817 2239 3395

ho
s 1.543119 £ 107 3.362161 £ 107 2.996123 £ 106 0 0

where e ¤vs (T ) is the vibrational energy the species s would have if it
was in equilibrium at the translational temperature T . Here h s L ¡ T

s i
represents the molar-averagedLandau±Teller relaxation time and is
given by Lee12 as

á s
L ¡ T
s ñ = S Ns

l = 1 v l

S Ns

l = 1 v l/ s L ¡ T
sl

(7)

where the Landau±Teller interspeciesrelaxation time s L ¡ T
sl is corre-

lated by Millikan and White’s13 semiempirical formula as follows:

s L ¡ T
sl = (1/ p) exp[Asl ( T ¡ 1

3 ¡ 0.015 l
1
4
sl ) ¡ 18.42]

Asl = 1.16 £ 10 ¡ 3 l
1
2
sl h

4
3
v s

l sl = MsMl

Ms + Ml

For temperatures higher than 8000 K, the Millikan and White13

formula, however, results in unrealistically small relaxation times,
due to an overprediction of the collision cross section. To correct
this inadequacy, Park14 suggested adding a new relaxation time s P

s

to the molar-averagedprevious Landau±Teller relaxation time, that
is,

s P
s = ( n s r v Xs) ¡ 1 (8)

where n s = p (8RT / p Ms ) represents the averagemolecular speed
of species s and X s the number density of colliding particles. The
limiting collisioncross section r v is approximatedby the expression
originally developed for nitrogen: r v = 10 ¡ 21(50,000/ T )2 .

Chemical Model
At high temperatures, chemical reactions occur in gas ¯ ows re-

sulting in changes in the amount of mass of each chemical species.
This mass transfer process is controlledby the rate of production Sc

s

that may be expressed for the species s as

Sc
s = Ms

Nr

Sr = 1

( m 0 0
sr ¡ m 0

sr )(Rfr ¡ Rbr) (9)

where r refers to the reaction index, Nr is the total number of re-
actions, and m 0sr and m 0 0sr are the stoichiometric coef® cients for the
reactants and the products, respectively. The forward rate Rfr and
the backward rate Rbr are given by

Rfr = kfr(T )
Ns

Pl = 1
( q cl

Ml
)

m 0sr

, Rbr = kbr(T )
Ns

Pl = 1
( q cl

Ml
)

m 0 0sr

(10)

Here, kfr and kbr are the forward and the backward reaction rate
coef® cients for the reaction r and possess the following Arrhenius
form:

kfr(T ) = Cfr T g fr exp( ¡ h d ,fr

T )
(11)

kbr(T ) =
kfr(T )

keqr (T )

where the rate constantsCfr, g fr and h d ,fr are given by Park’s reaction
model.15 This model includes15 dissociationand 2 shuf¯ e reactions
among the ® ve neutral species.

Vibration±dissociationcoupling is introducedthrougha rate con-
trolling temperature Ta = p (T Tv ), which replaces the translational
temperature in the computation of species rate of production, as
proposed by Park.14
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Numerical Scheme
After the modeling simpli® cations are introduced into the gov-

erning Eqs. (1), the resultingsystem is decoupledinto three systems
of PDE.

Gasdynamic system:

Q
g
, t + F

g
i, i = 0

(12)

Qg
=
é
êêêë

q

q v1

q v2

q e

ù úúúû
, F

g
i =

é
êêêë

q vi

q v1vi + pd 1i

q v2vi + pd 2i

( q e + p)vi

ù úúúû
Chemical system:

Qc
, t + Fc

i, i = Sc

(13)
Qc = é

êë
q c1

q c2

q c3

ù úû
, Fc

i = é
êë
q c1vi

q c2vi

q c3vi

ù úû
, Sc = é

êë
Sc

1

Sc
2

Sc
3

ù úû
Vibrational system:

Qv
, t + Fv

i, i = Sv

Qv = [ q ev ], Fv
i = [ q ev vi ]

(14)

Sv
= [ Ns

Ss = 3

qT ¡ vs +
Ns

Ss = 3

Sc
s evs]

The present numerical method is described in more detail in
Ref. 16. The thermochemicalnonequilibriumeffects are introduced
into the gasdynamic code,3 initially developed for calorically ideal
gases, by replacingthe standardratio of speci® c heats c byan equiv-
alent Äc into the ¯ ux Jacobianmatrices.Suchanapproach,introduced
by Gnoffo,17 is highly suitable for existing gasdynamic solvers and
leads to ¯ exible codes that are capableof handlinga large variety of
compressible ¯ ow problems, ranging from subsonic to hypersonic
speeds, in a cost-effectivemanner.

In summary, the equation of state of the real gas is cast into the
form of an ideal gas

p = ( Äc ¡ 1) q e (15)

permitting the reuse of the gasdynamic Jacobian matrices that were
developedforcaloricallyperfectgases.The variable e denotesthe in-
ternal energy,and Äc is a functionthat remainsbetween1 and 5

3
, even

when the values of other thermodynamicvariablesvary over several
orders of magnitude.18 The value of Äc is deduced from Eq. (15) as

Äc = 1 + ( p/ q e ) (16)

in such a way that the valueof the pressurematches the one givenby
the real gas. In thermochemicalequilibriumsituations, the pressure
is usually determined from an equilibrium curve ® t p = p( q , e )
and then the equivalent Äc is evaluated according to Eq. (16).

The present ® nite element method limits the in¯ uence of the
equivalent Äc to the left-hand side of the resulting discrete system,
which is viewed as a preconditioningmatrix and, consequently,has
no in¯ uence on the steady-state solution, as far as accuracy is con-
cerned.

To prevent unrealisticspeciesmass fractions,i.e., cs 62 [0, 1], that
may result in the ® rst Newton iterations, the chemical source terms
are relaxed according to the following formula:

ÄSc
s =

Sc
s ¡ ê

ê S
c
s
ê
ê

2 max(², cs)
cs +

Sc
s + ê

ê S
c
s
ê
ê

2 max(², 1 ¡ cs)
(1 ¡ cs) (17)

where ² refers to a small constant of order of 10¡ 10.
For an endothermic reaction (Sc

s > 0), the ® rst term on the right-
hand side (RHS) of Eq. (17) vanishesand the source term expression
becomes

ÄSc
s = {Sc

s if cs · (1 ¡ ²)

Sc
s (1 ¡ cs)/ ² otherwise

(18)

Therefore, the source term is only correctedby a factor of (1 ¡ cs )/ ²
in the case when the product concentrationcs approachesunity, i.e.,
cs > (1 ¡ ²).

For an exothermicreaction (Sc
s < 0), the second term on the RHS

of Eq. (17) vanishes and the source term may be rewritten as

ÄSc
s = {Sc

s if cs ¸ ²

Sc
s cs/² otherwise

(19)

In this case, the source term is only corrected by a factor of cs/ ²
when the reactant concentrationcs approaches zero, i.e., cs < ².

Solution Procedure
The primitive variable vector Ug = [ q , v1 , v2, e] is ® rst ad-

vanced in time by solving the gasdynamic system (12), and then
the chemical system (13) is solved for the species mass fraction
vector Uc = [c1, c2 , c3], using the updated velocity ® eld and den-
sity solutions.The remainingmass fractions, c4 and c5, are deduced
from the two algebraicequations (3) and (4) that can be rewritten as

c4 = 24
103 ¡ c1 ¡ 8

15
c3, c5 = 79

103 ¡ c2 ¡ 7
15

c3 (20)

The totalvibrationalenergyUv = [ev ] is calculatedby integrating
the vibrationalsystem (14), and then the vibrational temperature Tv

is computed from the vibrational energy solution (5) by a Newton
method. This procedure is applied for all grid nodes and at every
Newton iterationand, therefore,may be computationallyexpensive.

Because the three neutral molecules (NO, O2, and N2) in air have
close valuesof vibrationalcharacteristictemperatures(see Table 1),
a good initial estimate of the vibrational temperature could be ob-
tained by assuming that all these molecules have the same average
vibrational characteristic temperature, Åh v , de® ned by

Åh v = S Ns

s = 3 cs h vs

S Ns

s = 3 cs

(21)

An initial estimate T 0
v can then be computed by substituting the

value of Åh v in Eq. (5), yielding

T 0
v =

Åh v

[1 + ( Åh v / ev ) S Ns

s = 3 cs Rs]
(22)

This iterative method is very ef® cient and usually does not need
more than two Newton iterations per node to converge toward the
® nal solution.

The translational±rotational temperature T is deduced from the
following energy expression:

e =
Ns

Ss = 1

cs cvs T +
Ns

Ss = 1

cs h
o
s + ev +

1

2
vi vi (23)

where ho
s denote enthalpy of formations of species and are given by

Table 1. Finally, if we assume each individual species behaves as a
perfect gas, the pressureof the mixturemay be calculatedaccording
to Dalton’s law.

The computationof chemicalnonequilibrium¯ ows (with thermal
equilibrium, T = Tv ) can be easily carried out by only eliminating
the vibrational system (14) from the ¯ ow solver loop. In fact, the
segregatedapproachpermits the recoveryof the thermalequilibrium
¯ ows without solving additionalequationsand modifying the vibra-
tional relaxation times, as is usually done in the coupled approach.
In contrast with the thermal nonequilibriumsolution procedure, the
translational temperature is computed by a Newton method from
Eq. (23).

Anisotropic Mesh Adaptation
The ef® ciency and accuracy of the preceding ¯ ow solver may

be signi® cantly enhanced by coupling it to a mesh adaptation
procedure3 that relies on a directional error estimate and a mesh
movement scheme that is vastly improved by removing the usual
constraints on grid orthogonality.19 These two ingredients are es-
sential for achieving grid anisotropy, and they are presented in the
following sections.
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Error Estimate
Consider a one-dimensional problem in which the solution u is

approximated by uh with piecewise linear interpolation. The root
mean square (rms) interpolationerror over an element spanning the
interval [0, he] may be de® ned as

E rms
e =

1

p 120
h2

e

ê
ê
ê
ê

d2uh

dx2

ê
ê
ê
ê e

(24)

(Ref. 3), providedthat the approximatesolutionis exactat the nodes.
The optimal mesh is thus de® ned as the mesh in which the rms error
is equidistributedover the elements, that is,

h2
e

ê
ê
ê
ê

d2uh

dx2

ê
ê
ê
ê e

= C (25)

where C denotes a user-speci® ed tolerance.
Extending this adaptationcriterion to two-dimensionalcases, the

second derivative of uh is now taken with respect to a given unit
vector V as follows:

@2uh

@V2 = VT HV (26)

where H represents the Hessian matrix of uh . Because uh is linear
for each element, the second derivatives vanish. A weak formula-
tion, however, combined with mass lumping, is applied to recover
a continuous estimate of the second derivatives.

This Hessian matrix may be diagonalized as

H = R( a ) K RT ( a ) (27)

where K is the diagonal matrix of the eigenvalues of H and R is
the matrix of the eigenvectors. The transformation j K j is a scaling
in the axes directions, and R is a rotation through an angle a that
the eigenvector corresponding to the smallest eigenvalue k 1 makes
with the x1 axis.

The uh second derivative in any direction V is bounded by

ê
ê
ê
ê

@2uh

@V2

ê
ê
ê
ê
= j VT H V j ·VT ÅHV (28)

where the modi® ed Hessian ÅH is de® ned as ÅH = R j K j RT . Hence,
the one-dimensional adaptation criterion may be rewritten for two-
dimensional problems as

h2 VT ÅH V = C (29)

In the Peraire et al. approach,1 h = hk , with k = 1, 2, are two local
spacings and V = Vk are the two unit eigenvectorsof the ÅH matrix.
Accordingly, the mesh criterion (29) simpli® es to

h2
k j k k j = C (30)

This equation serves to compute two local node spacings, hk =p (C/ j k k j ), in two orthogonaldirections,at any point in the domain.
Then, a new adapted grid is regenerated based on these local node
spacings, a local stretching coef® cient b = ( j k 1 j / j k 2 j )1/ 2 and the
principal directions of ÅH.

In the currentapproach, the error is equidistributedover the mesh
edges, where h = k xJ ¡ x I k represents the Euclidean length of an
element edge [x I , xJ ] and V = (xJ ¡ x I )/ h is the unit vector that
supports this edge. Thus, an optimal mesh is de® ned as the one in
which the length of all edges, in the de® ned metric ÅH, is equal top C . Because ÅH is a function of the space coordinates, the term
VT ÅH V in Eq. (29) de® nes a Riemannian metric. Thus, the edge-
based error estimate is computed by numerically evaluating the fol-
lowing formula on each edge of the grid:

d(xI , xJ ) = * 1

0
Ï (xI ¡ xJ )T ÅH(l) (x I ¡ xJ ) dl (31)

Mesh Movement Scheme
In this scheme, the mesh is viewed as a network of springswhose

stiffness constantsare equivalentto a localmeasure of the error.The
optimal position of the grid vertices may then be interpreted as the
solutionof the equationsdescribingthe equilibriumstate of a spring
network. This yields, for each vertex I ,

S J

(x I ¡ xJ ) k I J = 0 (32)

where k I J denote the stiffness constants of the four springs sharing
a node I and are given by

k I J =
d(x I , xJ )

k x I ¡ xJ k
(33)

By lagging xJ and k I J at the previous iteration m and applying a
Gauss±Seidel scheme, the position of vertex I is updated according
to the expression

xm + 1
I = xm

I + x [ S J
(x¤J ¡ xm

I
) k ¤I J

S J k ¤I J
] (34)

where x is a relaxationfactor and the superscript ¤ denotes the latest
value.

Numerical Results
Both ¯ ow solver and grid adaptation proceduresare placed in an

iterative loop, which is repeated until the lowest value of a user-
speci® ed arti® cial dissipation coef® cient is reached. In the follow-
ing, each full iteration of this loop will be called an adaptive cycle
or level. For all of the test cases investigated, the temperature is the
¯ ow variable used for the error estimate.

Hypersonic Nitrogen Flow over a Cylinder

The present numerical approach is ® rst validated on a Mach 6
partially dissociated nitrogen ¯ ow over a half-cylinder with 1-in.
radius. This ¯ ow problem has been investigated experimentally by
Hornung20 and numerically by numerous authors.8 , 10 , 21 The free-
stream monatomicnitrogenmass fraction, temperature,density,and
velocity are 0.073, 1833 K, 5.349£ 10¡ 3 kg/m3, and 5.590 km/s,
respectively. The numerical simulation is performed using a ® ve-
species model by setting the mass fraction of oxygen to be 10 ¡ 10 .

The thermochemical nonequilibrium (TCNE) calculation is ini-
tiated on a coarse grid (Fig. 1a), with 33 £ 53 nodes distributed
uniformly in both directions. The adapted grid (Fig. 1b) required
® ve cycles of adaptation, and the corresponding solution (Fig. 1c)
demonstrates the bene® ts of the grid adaptation in resolving a de-
tached bow shock.

Figure 2 shows the enhancement of the predicted Mach number
distributionalong the stagnationline with grid adaptationcycles. In
fact, the use of an appropriategrid allows a reductionof the arti® cial
dissipation coef® cient by a factor of ® ve.

Additional calculations are performed under two different as-
sumptions: frozen perfect gas (FPG) and chemical nonequilibrium
(CNE) of a mixture of perfect gases. All of these calculations are
made using the initial uniform grid that is shown in Fig. 1a, and the
resultingtemperaturepro® les alongthe stagnationlineare compared
in Fig. 3 to the TCNE case and the experimentalshock position.The
FPG ¯ ow assumption overestimates the standoff distance by 85%,
whereas the CNE or the TCNE assumption permits a much better
predictionof this distance. In addition, the CNE model produces the
shortest standoff distance whereas the TCNE case gives the largest
peak of the translational temperature pro® les ( ¼ 12,000 K) if one
eliminates the FPG case, which yields unrealisticallyhigh temper-
atures in the shock layer.

The plotof themassfractionsofmonatomicanddiatomicnitrogen
along the stagnation line in Fig. 4 shows that the ¯ ow® eld is domi-
nated by a high degree of reaction. It may be observed that 30% of
the present diatomic nitrogen is dissociated,despite the fact that the
correspondingreactions have a large activation energy.

In all of these cases, a subsonic uniform ¯ ow is assumed as an
initial solution for the ¯ ow solver and a relaxation factor of 0.6 is
used in themeshmovement algorithm.Speci® cally, the convergence
history of both ¯ ow solver and adaptation grid procedures for the
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a) Initial grid

b) Final adapted grid

c) Final adapted solution in Mach number contours

Fig.1 Mach 6.1partially-dissociatednitrogen¯ ow over ahalf-cylinder.

TCNE case are presented in Fig. 5, where the jumps in the curves
represent the beginning of each new cycle. For a given value of the
arti® cial dissipationcoef® cient, the L2 norm of the solver’s residual,
at that cycle, is lowered by three orders of magnitude and then the
mesh nodes are displaced 250 times.

Hypersonic Air¯ ow over a Cylinder
In this example, the current methodology is applied to a hyper-

sonic air¯ ow over a half-cylinder with 50-mm radius. The free-

Fig. 2 Enhancement of the Mach number distribution, along the stag-
nation line, with grid adaptation cycles.

Fig. 3 Temperature distributions along the stagnation line.

Fig. 4 Distributions of species mass fractions along the stagnationline.

stream conditions are Ma1 = 12.7, T1 = 196 K, and q 1 = 1.6 £
10 ¡ 3 kg/ m3. This test case was proposed in the Workshop on Hy-
personic Flows for Reentry Problems (WHFRP),22 and experimen-
tal results were obtained by Vetter et al.23 for the same freestream
conditions over a sphere.

The use of an adaptive procedure allows one to start the com-
putation on the same grid as in the preceding test case (Fig. 1a),
although the physics of the two ¯ ows are completely different. The
® nal adapted grid and the corresponding temperature contours are
shown in Fig. 6.
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Fig. 5 Convergence histories of the ¯ ow solver and the adaptation procedure.

Fig. 6 Final adapted grid with the corresponding temperature con-
tours.

Fig. 7 Temperature distributions along the stagnation line.

Fig. 8 Distributions of species mass fractions along the stagnationline.

The effect of the thermal state of the mixture on the translational
temperature along the stagnation line is shown in Fig. 7. The same
behavior of the thermochemical models as in the ® rst benchmark
can be observed with a peak in translational temperature of 5800 K
in the TCNE case. Mass fraction plots of the ® ve species are shown
in Fig. 8, along the stagnationline. Nearly 40% of O2 is dissociated,
whereas the N2 concentration remains almost constant.

The distribution of the pressure coef® cient C p on the cylinder in
Fig. 9 shows a good agreementwith the experiment.The superposi-
tion of C p for TCNE, CNE, and FPG cases demonstrates its invari-
ancewith respectto reactionsandvibrationalrelaxationphenomena.
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Fig. 9 Pressure coef® cient distribution on the cylinder.

Fig. 10 Convergence histories of the ¯ ow solver and the adaptation
procedure.

The steady-statesolutionis obtainedbymarchingin time with dif-
ferent time steps for the gasdynamic, chemical, and vibrationalsys-
tems. The solver’s convergencedisplayedin Fig. 10 is obtainedwith
the following chemical and vibrational time steps: D t c = 0.4 D t g

and D tv = 0.1 D t g . Here, D t g represents a local time step for
the gasdynamic system and is computed according to a Courant±
Friedrichs±Lewy number of 40. The convergence history of the
adaptation procedure is also shown in Fig. 10, where a decrease
of nearly two orders of magnitude in node displacement is achieved
after six cycles of adaptation with 350 iterations per cycle.

Hypersonic Air¯ ow over a Double Ellipse

In this test case, a double ellipse pro® le is placed into a Mach
12.7 ¯ ow at zero angle of attack. Since it was introduced in the
WHFRP,22 this benchmark has become an important challenge for

a) Initial grid

b) Final adapted grid

c) Final adapted solution in temperature contours

Fig. 11 Mach 12.7 thermochemicalnonequilibriumair¯ ow over a dou-
ble ellipse.



AIT-ALI-YAHIA AND HABASHI 1301

Fig. 12 Oxygen mass-fraction contours.

Fig. 13 Temperature distributions along the stagnation line.

Fig. 14 Pressure coef® cient on the body surface.

testing hypersonic ¯ ow solvers. The ¯ ow® eld is characterizedby a
strong detached shock wave, followed by a moderate canopy shock
and shock±shock interaction. Therefore, the application of mesh
adaptation is highly suitable for ef® ciently resolving these different
strength shocks.

The TCNE computation was initiated on a 45 £ 124 (5580) grid
that is shown in Fig. 11a. The adapted grid (Fig. 11b) is obtained
after 6 levels of adaptation with 700 iterations each. The adapted

solution is presented in Fig. 11c, and it can be seen that the detached
and canopy shocks are well resolved.

The isocontours of monatomic oxygen concentration are shown
in Fig. 12. The O2 is only partially dissociated due the moderate
temperatures of the ¯ ow® eld. The distributions of the translational
and vibrational temperaturesalong the stagnation line are presented
in Fig. 13, revealingthat the thermal equilibriumstate is not reached
at the stagnation point.

The pressure coef® cient on the body surface is shown in Fig. 14
for the initial and ® nal adapted grids. It can be clearly seen that the
adapted mesh permits a much better capturing of the canopy shock,
as well as of the ¯ ow properties at the stagnation point.

Conclusions
An implicit, ® nite element, segregatedmethodhas beendescribed

for two-dimensional, hypersonic, thermochemical nonequilibrium
¯ ows on directionallyadapted grids. This loosely coupled approach
has the advantage of reducing reacting ¯ ow problems, with a high
numberof species, to a manageablelevel and offers the possibilityof
applying the most appropriatenumerical scheme to each system of
PDE to achieve the best global convergence.The shocks have been
ef® ciently resolvedby coupling the ¯ ow solver to a mesh adaptation
procedure. This adaptation method relies on an edge-based error
estimate, as well as an improved mesh movement strategy with no
orthogonalityconstraints, that is capableof achieving a wider nodal
movement than current schemes. The resulting code is validated
on hypersonic, partially dissociated,nitrogen ¯ ow where the shock
positionis correctlyreproducedon a coarsemesh. The methodology
is also tested for hypersonic air¯ ows and the accurate predictionof
the main ¯ ow features needed only coarse but adapted grids.
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